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Expansion of random field gradients using hierarchical matrices
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We present two expansions for the gradient of a random field. In the first approach, we differentiate its truncated Karhunen-
Loève expansion. In the second approach, the Karhunen-Loève expansion of the random field gradient is computed directly.
Both strategies require the solution of dense, symmetric matrix eigenvalue problems which can be handled efficiently by
combining hierachical matrix techniques with a thick-restart Lanczos method.
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1 Introduction

Many techniques in stochastic uncertainty quantification, e.g., stochastic Galerkin finite element methods rely heavily on
computations with random fields a : D × Ω → R, where (Ω,A, P ) is a probability space and D ⊂ Rd is a bounded spatial
domain. Practical representations of random fields separate the stochastic and deterministic dependence in the form

a(x , ω) =
∑
m

ϕm(x )ξm(ω) (1)

with deterministic functions ϕm and random variables ξm. For random fields with finite variance, the most popular option is
the Karhunen-Loève (KL) expansion [1]. Here, we assume that a is a random field with mean value ā(x ) := 〈a(x , ·)〉 and
covariance function c(x ,y) = 〈(a(x , ·)− ā(x ))(a(y , ·)− ā(y))〉,x ,y ∈ D, where 〈·〉 denotes the expectation with respect
to the probability measure P . The KL expansion of a is

a(x , ω) = ā(x ) +
∞∑

m=1

√
λmam(x )ξm(ω), (2)

with uncorrelated, centered random variables {ξm}∞m=1 and eigenpairs (λm, am)∞m=1 of the self-adjoint, compact integral
operator

C : L2(D)→ L2(D) (Cu)(x ) =
∫

D

c(x ,y)u(y) dy . (3)

In actual computations, the sum in (2) is truncated after the M leading terms, yielding an approximation of a of the form

a(M)(x , ω) = ā(x ) +
M∑

m=1

√
λmam(x )ξm(ω). (4)

Galerkin discretization of the KL eigenproblem with piecewise constant shape functions results in a generalized matrix
eigenvalue problem Ax = λBx , where B ∈ Rn×n can be chosen diagonal but A ∈ Rn×n is a dense, symmetric posi-
tive definite matrix. An effective way to solve this matrix eigenvalue problem is outlined in [2] where hierarchical matrix
techniques [3, 4] are combined with a thick-restart Lanczos method [5]; this approach costs O(n log n) operations.

Assume that a is continuously differentiable in the mean-square (m.-s.) sense2 (see, e.g., [6, Chapter 2]). We are interested
in a representation of the gradient random field∇a of the form (1) with deterministic vector-valued functions ϕm : D → Rd.
Here we present two expansion strategies for ∇a. In the first approach, we truncate the KL expansion of a and then compute
the gradient ∇a(M) which requires the gradient of KL eigenfunctions. In the second approach, the KL expansion of ∇a is
computed directly. We build upon the work in [2] and achieve a total cost of O(n log n) operations for both strategies.

2 Differentiation of Karhunen-Loève eigenfunctions

Partial derivatives of a KL eigenfunction am in (4) (where we may assume that λm > 0) can be computed using the integral
eigenproblem equation∫

D

c(x ,y)am(y) dy = λmam(x ) (5)

∗Corresponding author: Email ernst@math.tu-freiberg.de, phone +00 49 3731 39-3246, fax +00 49 3731 39-3595
2Necessary and sufficient for this is the existence and continuity of∇ā and the partial derivatives (∂2/∂xj∂yk)c(x , y), x , y ∈ D, j, k = 1, . . . , d.
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derived from (3). Since a is assumed m.-s. continuously differentiable2, the requirements of Lebesgue’s Dominated Conver-
gence Theorem are satisfied (see, for example, [7, Chapter 2]). It follows that we can interchange the order of differentiation
and integration in (5) and obtain

∂am

∂xi
(x ) = λ−1

m

∫
D

∂c

∂xi
(x ,y)am(y) dy , i = 1, . . . , d. (6)

In stochastic finite element methods the assembly of the stiffness matrix requires the evaluation of (6) at certain quadrature
nodes {x`} ∈ D. We discretize the action of the integral operator on the right-hand side of (6) by a Galerkin projection onto the
subspace Zh of piecewise constant functions on a given triangulation Th ofD. Let Zh = span{φ1(x ), . . . , φn(x )} ⊂ L2(D).
With ∂am(x )/∂xi ≈

∑
j a

(i)
m,jφj(x ), i = 1, . . . , d, and am(x ) ≈

∑
j a

(0)
m,jφj(x ), it follows that the n coefficients that

determine the partial derivative of an (approximate) eigenfunction satisfy the Galerkin equations
n∑

j=1

a
(i)
m,j

∫
D

φj(x )φk(x ) dx = λ−1
m

n∑
j=1

a
(0)
m,j

∫
D

∫
D

∂c

∂xi
(x ,y)φj(y)φk(x ) dy dx .

for k = 1, . . . , n and i = 1, . . . , d. The matrix formulation of these equations reads

Q a (i)
m = λ−1

m Ki a
(0)
m , (7)

where Q ∈ Rn×n denotes the Gramian matrix of {φ1, . . . , φn} with respect to the L2(D) inner product, Ki ∈ Rn×n is a
discrete integral operator with kernel function ∂c/∂xi, the vector a (0)

m ∈ Rn contains the coefficients of the KL eigenfunction
am, and the vectors a

(i)
m ∈ Rn contain the coefficients of ∂am/∂xi, i = 1, . . . , d, respectively. The action of Q−1 can be

computed in O(n) operations since Q is a diagonal matrix in this setting. However, each matrix Ki in (7) is in general a
dense, non-symmetric n × n matrix. Therefore we approximate Ki by a hierarchical H 2-matrix (see [3, 4] and references
therein), which allows us to perform matrix-vector products with Ki inO(n) operations. The assembly of an H 2-matrix costs
O(n log n) operations. The vector a (0)

m solves a discretized version of the KL integral eigenproblem (5) and can be computed
with O(n log n) complexity as outlined in [2]. In summary, then, approximations to each component of the gradient ∇am of
KL eigenfunctions can be obtained with O(n log n) complexity; thus computing∇a(M) costs O(n log n) operations.

3 Karhunen-Loève expansion of∇a

Since a is m.-s. continuously differentiable2 by assumption, it follows that the KL expansion of ∇a can be computed directly
(cf. [8, Chapter 10]). By analogy with (2) we obtain

∇a(x ) = ∇ā(x ) +
∞∑

m=1

√
γmgm(x )ξm(ω),

with uncorrelated, centered random variables {ξm}∞m=1 and eigenpairs (γm, gm)∞m=1 of the integral operator

C∇ : [L2(D)]d → [L2(D)]d (C∇u)(x ) =
∫

D

c∇(x ,y)u(y) dy . (8)

Above, the kernel function is the matrix-valued covariance function of∇a which reads (see, e.g., [6, Chapter 2])

c∇ : D ×D → Rd×d [c∇]j,k(x ,y) = (∂2/∂xj∂yk)c(x ,y), j, k = 1, . . . , d,

where c is the covariance function of a. For example, if ā = 〈a〉 is differentiable and a has a Gaussian covariance function

c(x ,y) = exp(−(r/ρ)2), r = ‖x − y‖2, x ,y ∈ D, ρ > 0, (9)

then the gradient∇a is well-defined with mean value 〈∇a〉 = ∇ā and covariance function

c∇(x ,y) = (2/ρ2) exp(−(r/ρ)2)Id×d−(4/ρ4) exp(−(r/ρ)2)(x−y)(x−y)>, r = ‖x−y‖2, x ,y ∈ D. (10)

Galerkin discretization of the vector KL eigenproblem derived from (8) results in a generalized matrix eigenvalue problem
Cx = λMx with d × d block matrices C ,M ∈ Rnd×nd. The matrix M is block-diagonal and if piecewise constant
Galerkin shape functions are used, then M can be chosen diagonal, but C is a dense, yet symmetric positive definite matrix.
The diagonal blocks of C correspond to the covariance function of each component of ∇a, and the off-diagonal blocks of
C are associated with the respective cross-covariances of the components of ∇a. We approximate each block of C by a
hierarchical H 2-matrix [3, 4]. Since the assembly of an H 2-matrix costs O(n log n) operations, the block matrix C can
be assembled in O(d2 n log n) operations. We use the thick-restart Lanczos method from [5] to compute leading eigenpairs
satisfying Cx = λMx ; this requires only matrix-vector multiplications with C which cost O(dn) operations and the action
of M−1 which can be computed withO(dn) operations in this setting. In summary, then, since d is fixed for a given problem,
approximate KL eigenpairs of∇a can be obtained with O(n log n) complexity.
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Fig. 1 KL eigenfunction a4 (left), ∂a4/∂x (middle), and ∂a4/∂y (right) computed on a mesh containing 47,104 triangles. In this example,
D = [−1, 1]× [−1, 1] and a has Gaussian covariance (9) with ρ = 1.
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Fig. 2 Normalized KL eigenvalues λm/λ1 of a (dashed line) and γm/γ1 of
∇a (solid line) for a centered random field a with Gaussian covariance (9) on
D = [−1, 1] × [−1, 1]. In this example, ρ = 2 (green), ρ = 1 (blue), ρ = 0.5

(red), ρ = 0.25 (black), ρ = 0.1 (magenta). The KL eigenvalues have been
computed on a mesh containing 188,416 triangles.

4 Numerical experiments

We consider a random field a with zero mean and Gaussian covariance function (9) on D = [−1, 1] × [−1, 1], hence ∇a is
well-defined. The hierarchical matrix computations are carried out with software based upon the HLib package [9].

KL eigenfunctions and eigenvalues As proof of concept we plot the fourth leading eigenfunction in the KL expansion of
a together with the two components of its gradient in Figure 1.

The smoothness of the covariance kernel determines the asymptotic KL eigenvalue decay rate (see, e.g., [10]). Since the
Gaussian covariance function c in (9) and the covariance function c∇ in (10) have the same smoothness we expect a similar
asymptotic eigenvalue decay for both a and ∇a. This observation is consistent with Figure 2 where we plot the normalized
KL eigenvalues of a and∇a for various correlation lengths ρ.

Computational costs We compute the 50 leading terms of the gradient of the KL expansion of a (see Section 2) and the
KL expansion of ∇a (see Section 3), respectively, on a sequence of uniformly refined triangular grids, resulting in n = 104
to n = 753, 664. We use a Krylov space of dimension 100 in the thick-restart Lanczos method. The total computing times
reported in Figure 3 agree well with our complexity estimates from Sections 2 and 3, that is we achieveO(n log n) complexity
for both expansion strategies.

Convergence of expansions Truncation of the sum in the KL expansion of∇a after the M leading terms yields an approxi-
mation∇(M)a to the random field gradient∇a. We assess the quality of the expansions∇a(M) and∇(M)a by computing the
quantities 〈‖∇a(M)‖2〉 =

∑M
m=1 λm‖∇am‖2 and 〈‖∇(M)a‖2〉 =

∑M
m=1 γm, and comparing these with the total variance of

∇a, 〈‖∇a‖2〉 =
∑d

i=1

∫
D

[c∇]i,i(x ,x ) dx =
∑d

i=1(2/ρ2)|D| = (2/ρ2) d |D|; ‖ · ‖ denotes the canonical norm on [L2(D)]d.
If a is m.-s. continuously differentiable2, then ∇a(M) converges to ∇a in the m.-s. sense uniformly on D for M → ∞.3

Thus, for sufficiently smooth covariance functions ∇a(M) converges to ∇a in the same sense as the truncated KL expansion
∇(M)a does (see, e.g., [8, Chapter 10]). In particular, this holds for random fields with Gaussian covariance function (9).

3This result is proved in [11, Theorem A.2] for random functions a : D×Ω→ R defined on D ⊂ R but it carries over to random fields defined on D ⊂ Rd

with d > 1. (The differentiability of a almost surely is not needed.)
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Fig. 3 Total time (in seconds) for computing the 50 leading terms of the gradient of the KL expansion of a (left) and the KL expansion of
∇a (right) for a centered random field a with Gaussian covariance (9) on D = [−1, 1]× [−1, 1]. In this example, ρ = 1.
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Fig. 4 Portion of total variance 〈‖∇a‖2〉 captured by 〈‖∇a(M)‖2〉 (dashed
line) and 〈‖∇(M)a‖2〉 (solid line) for a centered random field a with Gaussian
covariance (9) on D = [−1, 1]× [−1, 1]. In this example, ρ = 2 (green), ρ = 1

(blue), ρ = 0.5 (red), ρ = 0.25 (black), ρ = 0.1 (magenta). The expansions
∇a(M) and∇(M)a have been computed on a mesh containing 26,624 triangles.

The expansion ∇a(M) is suboptimal, since ∇(M)a is the best M -term approximation to ∇a with respect to the canonical
norm on [L2(D)]d ⊗ L2

P (Ω). This observation is consistent with Figure 4, where we see that the portion of total variance
captured by the best approximation∇(M)a is always larger than the portion captured by∇a(M).

5 Conclusions

We have presented expansions for the gradient of a random field obtained by differentiation of its KL expansion and by
computing the KL expansion of the gradient directly. These strategies cost O(n log n) operations, where n is the number of
elements in a triangulation of the spatial domain. For sufficiently smooth covariance functions both expansions converge to
the random field gradient; in this case, use of the direct KL expansion of the gradient is clever since it is a best approximation.
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