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Selected symbols and notations

acycle

a colouring of a graph

a colouring withk colours

a cycle of lengttk

set of even cycle lengths of a grah

set of odd cycle lengths of a gragh

a (2m+1)-cycle with at least 2 diagonals
degree of a vertex

distance from vertex to vertexy

minimal degree of a grapB

maximal degree of a grapgh

edge set of a grapB

a graph

subgraph ofs induced by (G) -V (C5,, 1)
induced subgraph by

a complete graph of order
neighbourhood of a vertex

order of a grapl

a path
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Selected symbols and notations

P(x0, %)
V,V(G)
X(G)
w(G)

a path of lengttk

a path from vertexg to vertexxy
vertex set of a grap
chromatic number of a graph

clique number of a grapt
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Introduction

This thesis deals with grapls, a structure consisting of vertices and edges joining
them, and (vertex) colourings of these graphs.

In 1941 Brooks answered the question in his pa@ep41], how many colours one
needs in order to guarantee a proper colourinG.oBut unfortunately his answer was

only an upper bound. Furthermore, the problem of finding an optimal colouring, i.e., a
colouring with as few as possible colours, turned out ttN\Behard

But nevertheless, for some classes of graphs it was possible to refine Brooks’ bound, and
even so for some special classes of graphs there were some polynomial time algorithm
found in order to state the optimal number of required colours, the chromatic number
X(G).

One of these is the class of graphs with prescribed cycle lengths. In 1982486y
made a first approach on graphs with prescribed odd cycle lengdyagl). Mihok

and Schiermeyer enlarged IME04] his observations and proved analogue statements
for graphs with prescribed even cycle lengths. In the end both results were combined
in order to provide a polynomial time colouring algorithm, called MAXBIP, for such
graphs.

Mainly we will discuss graphs with two given odd cycle lengths. We will find out that
for some additional conditions the bound given bya@§s can be improved.

This paper starts in chapt&mwith some well known basic definitions and properties of




Introduction

graphs and colourings. Afterwards, in chajieve will present the work of Gyrfas and

Mihok and Schiermeyer in particular. We will discuss the main results and their proofs
and introduce the algorithm MAXBIP. In the second part of this chapter, we will provide
some information about graphs containing only 3- and 5-cycles as odd cycles, done by
Wang (Wan9€§). There will also appear a polynomial time colouring algorithm.

Chapter3 contains the new results done by the author. It will show that 4 colours are
sufficient in order to provide a proper colouring of graphs with only 2 consecutive odd
cycle lengths greater than 3. It will also contain some structural information on these
graphs and provide a short approach how to colour those graphs with 4 colours.

In the last chapter we will discuss sharper bounds and show the appearing effects when

the prescribed odd cycle lengths are non consecutive.




1 Preliminaries

1.1 Graphs and cycles

In this first section we will present some basic definitions and observations on graphs
and cycles in graphs.

We start with the most important structure.

Definition 1.1. A graph G is an ordered pair of disjoint set¥(G),E(G)), where
V(G) # 0 is the set of vertices o6 andE(G) C V(G)? the set of edges dB. The
integer|V (G)| is called theorder of G.

Notation. We writeV andE if it is clear to which graplG they refer. Often the order

of a graphG is denoted by (G) or justn.
In this paper we only deal with simple graphs, therefore we have to characterize them.

Definition 1.2. An edgeeis calledlioopif both endvertices are equal, es= {x,x} € V.

A graph G is calledsimpleif G contains no loops and 2 verticasy € V are only
connected by at least one edfey} € E in G. If there exits such an edge we call
andy adjacent otherwise we call thenmdependent If x is an endvertex of an edge

{x,y} € E we sayx and{x,y} areincident

Notation. For {x,y} we shortly writexy.
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Figure 1.1.EExample: G = (V,E) with V = {x1,X2,X3,X4,Xs5, Xg, X6, X7,Xg} and E =
{X1X7, X2X7, X3X6, XaXs, XaX7, X5X6, X6X8 }

Definition 1.3. Theneighbourhood\(x) of a vertexx € V is the set of all verticeg € V

being adjacent ta. Such a vertey is calledneighbourof x.

Definition 1.4. |N(x)| gives thedegreeor valencyof x. We will denote it byd(x). The
minimum degreef all vertices ofG we will denote byd(G) and themaximum degree
by A(G), respectively. I5(G) = A(G) =k, that is all vertices o6 have valency, then

we call the graplG k-regular.
Often we won't handle with the whole gra) but only with certain substructures.

Definition 1.5. A graphG’' = (V/,E’) is called asubgraphof G if V' CV andE’ C E.
In this case we writ€&’ C G. If W CV then we call the grapfW,W? N E) thesubgraph
induced by WWe denote it byG|W]. We call H aninduced subgraplof Gif H C G
andH = G[V(H)].

In our studies the most important substructure is the cycle. We define it now.

Definition 1.6. An alternating sequence of vertices and edgé&s,ine., Xp€1X1 . . . &Xk,

whereg is incident withx;_1 andx; for all 1 <i <k, is calledwalk. If the vertices of
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this walk are distinct we call it pathP(Xp, ). The length of a path/walk is given by

its number of vertices.

Definition 1.7. A closed walk, say; = Xk, andk > 4, where all other vertices are

distinct from each other and, is called ecycleC. An edgexix; € E, where
j—i>1 modk (i<]j),
we call adiagonal

Notation. Often we mention a walk/way/cycle only by its vertices. For cycles of length

k, e.g.,|C| = k, we use the shortc@y, for a path of lengttk correspondingly.
Definition 1.8. A cycle Cy is calledodd cyclef k is odd, respectivelgvenif k is even.

Definition 1.9. The distanceof two verticesx,y € G is the length of a shortest path

P(x,y) in G minus 1, denoted bg(x,y).
In the following we define some important structural properties.

Definition 1.10. A graphG is calledconnectedf there exits inG for every two vertices
X,y € V a path connecting them. Otherwise the graph is said tdisennected A

maximal connected subgraph @is called a component @b. A graphG of order at
leastk+ 1 is said to bek-connectedf the deletion of every se&b C V of order at most

k — 1 leads to a connected graph.

Definition 1.11. A vertex setSC V is said to beindependentf there exits no edge
xy € V for every two vertices,y € S. A simple graphG is calledcompletdf for every

two verticex,y € V there exits an edgey € E.

Remark. For a complete grap& we haved(G) = A(G) = n— 1, wheren is the order

of G. We denote a complete graph of oradoy Kp,.
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Definition 1.12. A graphG is said to bep-partiteif we can find a partition op parts of
G, where two vertices are only connected by an edge if and only if both vertices are not

members of the same patrtition class. A 2-partite graph is chlfeattite.

The following lemma shows us an interesting connection between the occurring cycle

lengths inG and the property being bipartite.

Lemma 1.1. Let G be a simple graph. The@ is bipartite if and only if there are only

even cycles ieG.

Proof. Let G = (V,E) be a graph without cycles of odd length. Manifestly a graph is
bipartite if all of its components are bipartite. We assu@neeing connected. Latbe

an arbitrary vertex oG. Then we define the two class¥sY C G by x € X iff there

exits an even patR(v,x) in G andy €Y iff there exits an odd patR(v,y) in G. Itis

easy to see thate X.

A vertexu €V can only lie in one seiX or Y, otherwise we could find an even and an
odd path fromvtouin G. Let P. = P(v,u) be an eveni, = P(v,u) be an odd path from

v to u. If both paths do not intersect each other, apart froandu, we easy see that
P-UP, is an od cycle, a contradiction.

If P. andP, intersect each other im%, being the first vertex of the first intersection
starting inv, the partial path®2, being the first part o, up tovi, andP?, the first part

of P, up to v%, have to be of same parity, otherwise we could construct an odd cycle
usingP} andP?. If v2 £ u is the last vertex of this first intersection we see P&tP.

from v2 up tou, andP2, P, from v2 up tou, must have again different parity.

We can continue this procedure urtilis an endvertex of an intersection, leading us
to the required contradiction, namely tHatandP, must both have the same parity, or
until there is no more intersection left. But then we end up in the situation mentioned in
the beginning, wherB: andP, do not intersect. Hence, there cannot exit an odd and an
even path fronv to u, so every vertex only lies in exactly one seboaindY, therefore

X,Y is a partition ofV.

10



1 Preliminaries

Let x1,X2 be two vertices oK. Then there cannot be an edge, € E. Otherwise we
could construct an odd path fromto x; using the path which brought into X and
the edge xo leading to an even and an odd path freno x,, a contradiction. With an

analogue strategy fof we show that is bipartite.

Po

Figure 1.2.Example:P. = Ps, P, = P

AssumeG is bipartite and we can find an odd cy€lg= x1x> ... Xk in G. If both partition
classes oG areV; andV,, we know that; has to be an element of exactly one class, say
V1. Butthenxy € Vs, X3 € V1, and so on. Inthe eng_1 € V, for k— 1 being even. Since

Xx andxy are connected by an edgg,has to be in clasg,, a contradiction, fow,_, and

Xk cannot be in the same patrtition class @being bipartite andy_1xx € E. g.e.d.
At last we want to define some special edges and vertices.

Definition 1.13. An edge is calledbridge respectively a vertex is calledticulation, if

deleting it would increase the number of components.in

1.2 About colourings
The first thing we have to know is what a colouring is at all. We will only discuss vertex
colourings.

Definition 1.14. A (vertex) colourings” of a graphG = (V,E) is a mappings’:V — S

whereSis the set of the available colours. KAcolouring % is a colouring consisting

11
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of k colours. A colouringé’ is said to beproper if every two verticesx,y € V with
xy € E are coloured with distinct colours. We call a graplk-colourableif we can find

a proper k-colouringsy of G.

In order to give the best possible colouring of a gré&plsay a colouring with as few as

possible colours, we define the chromatic number.

Definition 1.15. The chromatic numbery (G) of a graphG is the smallest integek,

such thats is k-colourable.
Now we want to give some trivial bounds fg(G).

Definition 1.16. A subgraphG’ of a graphG is called acliqueif G’ is complete. The or-
der of the largest complete subgrapiGiis denoted byw(G) and callectlique number
of G.

Lemma 1.2. LetG be a simple graph. Then

w(G) < x(G) <n.

Proof. If G is the complete grapK, then we need colours for a proper colouring,
because every vertex & is connected by an edge with all other vertices. So we need a
distinct colour for every vertex, thuscolours.

According to that we need at leas{G) colours to colour the largest clique Gf so at

leastw(G) colours for the whole grap. g.e.d.
Now we will give a more specific result for an upper boundg(6G).

Brooks’ Theorem 1.1 (Bro41]). Every graphG with n > 3 is colourable withA(G)
colours, apart from cycles with odd length and complete graphs. In these cases we need

A(G) + 1 colours.

12



1 Preliminaries

In order to prove this theorem we will present an algorithmic proof by Loviasz15],
simplified by Bryant through his theorem. In the proofs only 2-connected graphs will
be observed. IG is only connected then we decompdsénto 2-connected parts and
colour those. Since recomposing them@mneans bonding the parts by a single vertex

or an edge, we can expand the colourings to one single colouring.

Bryant’s Theorem 1.2 ([Bry96]). For a graphG the following statements are equiva-

lent:
1. Gis either the complete grapgk, or a cycleC,.

2. The number of components Gfincreases after deleting two non-adjacent ver-

tices.

3. The number of components@fncreases after deleting two non-adjacent vertices

connected by a 2-path.

Proof. The partsl. — 2. and2. — 3. are obvious.

Assume3. holds andG is not complete. We will show that for every vertagx E
d(x) = 2, and so thaG is a cycle.

SinceG is 2-connected, but not complete, we kndG) > 2. Letw be a vertex ofc
with d(w) = A(G). Then there are two neighbourswfin G, we denote them by, v,
not being adjacent. Otherwise there would be a neighbowrwith its degree greater
thanA(G). SinceG is not complete, but connected, this leads to a contradiction.
Assuming3. we know there exits a partition d into non-empty setg;, {u,v},V,, such
thatw € V; and after deletinqu,v} G splits intoV, andVs.

We will show thatv; = {w}, leading toA(G) = 2.

Assume|V;| > 2. SinceG is 2-connected, there exits a vertex V; — {w}, w.l.0.g.
xu € E. We can assume the same abdytso we find ay € V, with uy € E. Then with

d(x,y) = 2 and by3. G decays after deleting them. So we can find a partitiol of

13



1 Preliminaries

/A

e

Figure 1.3:.Example:ze V;

sayW, {x,y},Wo. The verticess,v,w are in one component, assulivg, and there is a
vertexz e Wo.

If ze V4, respectively,, then every path fromto u containsx, respectivelyy, a contra-
diction to after deleting eitherory G does not decay, leading usdG) = A(G) = 2.

SinceG is 2-connecteds has to be a cycle. g.e.d.
Now we can provéBrooks’ Theorem

Proof of Theorerii.l. Consider the following GREEDY-algorithm:

For a vertexx €V choose the next smallest available colour out of the colour
setS={1,2,3,...}.

We show that GREEDY can colo@ with the coloursl, 2, ... ,A(G).
Using Theorenil.2 we know there exist two verticagv € V with d(u,v) = 2, such

thatG — {u, v} is still connected. Letv be a vertex ofs with w € N(u) "N(v). Denote

14



1 Preliminaries

the vertices of5 by v; = u,v> = v and the remaining ones sequently by non-increasing

distances tav.

Uu=vy W=V, V=W

V3 V4

V5 Ve

Figure 1.4:llustration of the used notation.

Now we colour the vertices with GREEDY sequenilyVo, Vs, .... The notation of the
vertices guaranties every vertexwith 1 <i < n(G) being adjacent to a vertex with
higher index, which is not coloured yet. Therefatas adjacent to at mogk(G) — 1
coloured vertices and hence can be coloured with one dkt@g colours.

In the endv, = wis adjacent to at mo#¥(G) coloured vertices. Sinog andv; are both

coloured with coloud, v, can be coloured with one of tlgG) colours. g.e.d.

Another interesting estimation can be done with the following property.

Definition 1.17. A graph G is calledp-degeneratef there is no subgraph o with

minimal degree greater than
Corollary 1.3. If G is p-degenerate then(G) < p-+ 1.

Proof. SinceG is p-generate we can find a numbering of the vertice& sluch that
every vertexy; in this numbering has at mogtneighbours in{vy,Vva,...,vi_1}. Using
the GREEDY-algorithm from Theorer.1, we can find a proper (p+1)-colouring of
G. g.e.d.

An even stronger conjecture was given by Reed in 1999:

15



1 Preliminaries

Conjecture ([Ree98). For every grapl® with maximum degre&(G) and clique num-
berw(G)

(@) < [w(G)+1+A(G)]

2

16



2 Graphs with prescribed cycle
lengths

The aim of this thesis is to provide an upper bound for the chromatic nugri&rof a
graphG having only odd cycles with two distinct lengths. Before this we want to give
a more general bound provided by &fas. Afterwards we will complete this approach
with the results of Mildk and Schiermeyer and the analysis of graphs with only 3- and

5-cycles as odd cycles done by Wang.

2.1 Common bounds and colouring algorithm

In 1992 Gyarfas published an interesting result &ya92] containing graphs witk odd
cycle lengths. He showed that if a graBthask > 1 odd cycle lengths then each block
of G contains either a vertex x witt(x) < 2k or is aKy 2. By this he was able to
conclude that the chromatic number®fis at most2k + 2. We will give a short proof
of his central theorem, which is based on several lemmata.

For better handling the number of prescribed odd cycle lengtB@sie define a special

set.

Definition 2.1. Let G be a graph. We define I8 (G) the set of odd cycle lengths (3,

ie.,

Co(G) :={2m+1:G contains acycle of lengttm+1, form> 1} .

17



2 Graphs with prescribed cycle lengths

With this definition, we know bipartite graphs are graphs W@(G)| = 0.

Notation. In the following the grapl@ will be a 2-connected graph wih(G) > 2k+ 1
and|Co(G)| = k > 1. We will denote a longest odd cycle & by C. Let G’ be the
subgraph induced by (G) —V(C). A longest path o5’ will be denoted byP, wherea

andb will be the endvertices dP.

Theorem 2.1.If G is a 2-connected graph with(G) > 2k+ 1 then|Co(G)| =k > 1

impliesG = Kok .

We need some further information about such graphs in order to give an affirmative

proof. We will just state them.
Lemma 2.1. LetC’ be an odd cycle o&'. Then|C'| < |C|.

Lemma 2.2. If H is the graph we get by addingk — 1 diagonals to a cycld, each
diagonal incident to the same vertexe V(T ), then eitheH is bipartite orCo(H) > k.

Lemma 2.3.LetT be a cycle. Let us adk— 1 diagonalse = xpX;, i € {1,...,2k— 1},
to T and denote the resulting graph by, Furthermore assume thét is bipartite and
X,y € V(H), x#y. Then we can find+ 1 pathsP?, ..., P<'1in H fromx to y sucht that
IP'| = |PJ| mod 2holds andP'| # |PI|for 1<i < j < k+1.

Lemma 2.4. If ais adjacent top verticesy, . ..,yp of C and tog+ 1 vertices ofP and,

furthermore b is adjacent toy € V(C) — {y1,...,Yp} then|Co(G)| > [p/2] +q.
Lemma 2.5.1f V(G') is an independent set th&= Ky ».

Lemma 2.6. If there is a diagonal irfP being incident ta and one td, and, moreover,
N(a)NC =N(b)NC, |[N(a) NC| = 2k then|Co(G)| > k+ 1.

Lemma 2.7.|Co(G)| > k+1if N(a)NC = N(b)nCand|N(a)NC| = 2k, aandb being

distinct.

18



2 Graphs with prescribed cycle lengths

Lemma 2.8. If [N(a) NC| = 2k andy € (N(b) NC) then|Co(G)| > k+ 1.
Now we can use these lemmata to provea@§s’ main result.

Proof of Theorer2.1. If we know thata= Db, i.e., there are no edges@®i, then Lemma
2.5 implies G = Ky.2. So we may assume thatand b are distinct vertices, i.e.,
V(P =2

If N(a)NnC =0 (orN(b)NC =0) thend(a) > 2k+1 (ord(b) > 2k+ 1) implies that there
exits a cycle inG’ containing2k + 1 diagonals incident to the same vertex of this cycle,
i.e.,aorb. Let us denote this subgraph bly Applying Lemma2.2we know that either
H is bipartite or|Co(H)| > k. The last case leads with Lemrgdl to a contradiction.
HenceH is bipartite. From the 2-connectednes&xdhere exit two vertex-disjoint paths
P1 andP, connectingv (C) andV (H). We apply Lemm&.3 with x=V(H) NP, and
y=V(H)NP. Lemma2.3 ensurek+ 1 paths. Together witl?, andP, and the arc
of C, being of suitable parity, the+ 1 paths ensured by Lemnfa3 definek+ 1 odd
cycles of different lengths. This leads to a contradiction again.

So we can conclude that(a) N\C # 0 andN(b) NC # 0. Using the symmetry cé and

b we assume that

1< p=|N(a)nC| < |N(b)NC|.
Assume|N(a) N P| = g+ 1, that means that there agediagonals ofP starting ina.
Fromd(a) > 2k+ 1 we getp+q > 2k.
1. case:N(a)NC # N(b)NnC.
By Lemma2.4we have

Co(G)| > {g} +0q> [&Z_ﬂ +q=k— EJ +9>k,

leading to a contraction, apart from the case thatO andp-+ g = 2k. This case

is handled in Lemma@.& This also leads t{Cy(G)| > k+ 1.

19



2 Graphs with prescribed cycle lengths

2. case:N(a)nC=N(b)NC.

We can now apply Lemma.4 with p+ 1 instead ofp and we conclude

-1 2k—q—1 1
1Co(G)| > [pT—‘ +q= [Tq—‘ +g=k— L%J +g>Kk

apart from the casep= 1 andp+q= 2k, orq= 0 andp+ q equalszk or 2k + 1.
LemmaZ2.€ treats the casg = 1, LemmaZ2.7 the casej = 0. Both cases lead to
k+ 1 odd cycles of distinct lengths, a contradiction. So the only possibility is that

G = Kok 2, proving the theorem.

g.e.d.

If we haveCy(G) = kthen Theorer2.1reveals that there exits a proper 2k+1-colouring
of each block ofG, apart from the block being Ky ». Thus the following corollary

holds.

Corollary 2.9. The chromatic number of a grapB with |Co(G)| = k > 1 is at most
2k+1, unless some block of G beind<g. 2. If there exits such a block then(G) =
2k+2.

Unfortunately Theorer@.1 only provides an upper bound for the chromatic number of
such graphs. It gives us no information about the appearance or distribution of these
odd cycles. So further structural studies are necessary in order to find a colouring with

as few as possible distinct colours.

In [MS04] Mihok and Schiermeyer expanded @fas’ approach. They examined the
effects of prescribed even cycle lengths. Furthermore they used the polynomial time
vertex-colouring algorithm MAXBIP, presented iME597], for graphs with prescribed
cycle lengths.

In analogy we define the set of even cycle lengths of a g&aph

20



2 Graphs with prescribed cycle lengths

Definition 2.2. Let G be a graph. Then we denote®y G) the set of even cycle lengths
of G, i.e.,

Ce(G) = {2m: G contains a cycle of lengtm, for m> 2}.

Now we can prove an analogue result to Theo&fn

Theorem 2.2.LetG be a 2-connected graph witB¢(G)| = s> 1. Theny(G) < 2s+ 3.

If the equality holds thef® contains aKys, 3.

The theorem assumes that the graph is 2-connected. With the argumentation we used

for the Theorem4.1andl.2, we can enlarge the proof being true for all graphs.

Proof of Theoren2.2. (1) LetP =vyv»...vp be alongest path of ordgrin G. Then

we knowN(vq) C V(P), otherwise we could extend the path.

Let| = {i:v1vi € E(G)} = AUB, whereA = {a,a,...a,} contains the odd
indices andB = {2, bl,bz,...b|B‘_1} contains the even indices, respectively. We

will call A andB the odd and even neighbours\af

Ifi,j € Aji <], thenthe cycleviviy1...vjvy is of even ordef —i+2. Whereas,
if i € B,i # 2, then the cycles1vs. .. viv1 has even order Hence|A| < s+ 1 and

|B| — 1 <'s. Thus we get
3(G) <d(v1) <1+s+(s+1) =25+2. (%)

Since this consideration is true for every subgrbiph G, G is (2s+2)-degenerate,

implying x(G) < 2s+ 3.

(2) If Gis a (2s+1)-degenerate graph thef) < 2s+ 2. So, if x(G) = 2s+ 3 there
has to be a subgrapt of G with d(H) > 2s+ 2.

21



2 Graphs with prescribed cycle lengths

Let us consider by’ = vqv»...vp a longest path iH as in part (1). By £) we
conclude thatl(v1) = 2s+2 = J(H). Let us denote by the indexb; and among
all longest paths itH we choose one such thatis minimal. Considering/q—1
the pathP* = vq_1Vq—2...V1VgqVg+1- .- Vp is @ longest path, too. By the choice of
P*, except forvg_» andvy, all even neighbours of ofy_1 on P* satisfyi > q.
Thus there are— 1 even indices > ¢, sayd; + (q+2),d2+ (q—2),...,ds_1 +
(q— 2); which leads tss— 1 even cycles of orded;,d,,...,ds_1. These cycles
are given byvg_1VqVg+1---Va+q-2Vg-1. If we replace the edge; 1vq by the
pathvg_1Vg—2...V1vq We gets— 1 even cycles of orded; + (q— 2),d> + (q—
2),...,ds_1+(q—2).

Since there are exactl/even cycle lengths angl> 4, we conclude thatl; 1 =
bi1=d+(q+2)for1<i<s—2andbs=ds 1+ (q—2). Therefore the cycle
V1VqVg—1Vi,V1 is of order 4 and thuls; = 4 =dy, implyingh; = 2i +2for1 <i<s.

Necessarily we gedj . 1 —a;+2=hbjfor1<i <s.

If a1 > 5the cycleviVo...Vg—1Vag,  Va, ,—1---Va, V1 has ordeXq—1)+(2s+1) =
2s+q=2s+4 > 2s+ 2 = b, a contradiction. Henca; = 3implyinga = 2i + 1
for1<i<s+1landl ={23,...,2s+3}. This means that every vertexfor
1 <i<2s+2is an endvertex of a longest path and there®jfe/1, v, . .., Vos; 3 }]

is isomorphic to the complete graphs, 3 Vs> 2.

Finally, let us have a look at the case- 1. If a; < ap < gq— 1 then the cycle

V1Vay Vag, | 1Vap V1 is of even ordem, —a; + 2 < q, a contradiction. Henca, > q.

Let di,d> be the odd neighbours af,_; on P*. As seen before we conclude
d> > q. If ag,a» > q, ordy,d> > g, then there is a cycle of even length greater or
equal to(q— 1) +3=qg+2 > q, a contradiction. lia;,d; < q— 1 then there is
an even cycle of lengtfa; —d;| +1+2+1 < g— 2, again a contradiction. Thus

V1Vg-1 € E(H).
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2 Graphs with prescribed cycle lengths

Now let us consider the vertay_», which is the endvertex of a longest path, too.
As seen above we hawg_»vq € E(H) and the cyclervg_1Vg—2vqva has order 4.
Soq=4and and5[{v1, V2,V3,V4}| is @a complete graph of order 4.\fvj € E(G)

for everyvj € V(G) — {v1,V2,v3,v4} andl <i < 4 then the complete gragKs is a
subgraph of5. Otherwise, implied by the 2-connectednessothere is an edge
uv e E(G) with u,v € V(G) — {v1,V2,v3,V4} such thatu andv are connected by
two vertex disjoint paths with thK,. But then there must also be an even cycle
of length greater or equal to6 q = 4, a contradiction.

g.e.d.

Combining both theorems we get a nice estimationxf®):

Corollary 2.10. LetG be a 2-connected graph witB,(G)| = kand|Ce(G)| = s. Then
the chromatic numbex (G) < min{2k+2,2s+ 3} < k+s+2.

Mihok and Schiermeyer even gave a polynomial time vertex-colouring algorithm called
MAXBIP, which finds a proper colouring of a given 2-connected grgdatisfying the

estimation given in Corollar2.1Q

Algorithm MAXBIP
INPUT a 2-connected grap@

STEP 1 Choose an arbitrary vertei € V(G) and add successively verticesxs, . ..
to obtain a connected maximal bipartite subgr&¥ (B1)]. Colour the vertices

of By properly with colours 1 and 2.
LetS:=V(B1) andT :=N(B1) — S
STEP 2 Successively place every vertex fin the smallesB; such thatG[V (B;)]

is bipartite. 2-colour the vertices of eveBy with the smallest available pair of

colours, sayq— 1, 2q, as done with GREEDY.
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2 Graphs with prescribed cycle lengths

LetS:=V(B;)UN(B;1) andR:=V(G) — S

STEP 3 If R=0then STOP.
If R+ 0 then letj be the smallest integer such tiV (Bj)) — S# 0.

Extend the components @[V (Bj)] by successively adding vertices to obtain a
maximal bipartite subgrapB; in G[V (Bj) U (N(V(Bj)) — )] and extend the 2-

colouring ofBj to a 2-colouring oB]—*.
SetB; 1= B;j.

Let Bj play the role ofB; in STEP 1.
LetS:=SUV(Bj) andT :=N(Bj) —S.

Place successively every vertexin the smallesB;,i > j, such thaG[V (B;)]

is bipartite. Extend the given 2-colourings, again.

LetS:= SUN(Bj) andR:=V(G) — Sand repeat STEP 3.

OUTPUT By,By,...,Bm, m>1

2.2 Graphs with C,(G) = {3,5}

In the next sections we only deal with given odd cycle lengths. In particular we want
to study graphs with only two distinct odd cycle lengths.\¥ain9¢ Wang investigated
such graphs. She gave a complete characterization of th€gase= {3,5}. We want

to recall her results in this section.

First we give a lemma, which will be as basic as the answer, why we only discuss

2-connected graphs, for the next chapters.

Lemma 2.11.LetG* be the graph obtained by iteratively deleting all vertices of degree

less than from G. Then for alli <k if G* is k-colourableG is k-colourable, too.
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2 Graphs with prescribed cycle lengths

Proof. If we have coloureds* with k colours then we can add all deleted vertices in
reverse order and colour them with one of ¥heolours, since these vertices have less
theni neighbours inG, so less them < k colours are already used for its neighbours,

hence, at least one colour has to be left over for creating a proper colou®g af.e.d.

The consequence of this lemma is, that we can now limit our focus to graphs with mini-
mal degree at least 3, since in our requested graphs is at least one odd cycle. So we need

3 colours or even more to obtain a proper colouring.

Wang was interested in grapfswith 3- and 5-cycles being the only odd cyclesGn
She formulated an algorithm with complex®(E(G)). We will just state the underlin-

ing characterization of such graphs and give a proof.
Theorem 2.3.LetG be a 2-connected graph wiy(G) = {3,5}. Then
1. x(G) =6if G contains aKg,
2. X(G) =5if G contains &Ks, but noKg,
3. X(G) =4if G contains aK4, but noKs,
4. x(G) =4if G contains a\s, but noKy, and
5. x(G) = 3if G contains ndAs and noKy.

A W5 is a so-called wheel of order 6, where all vertices of a 5-cycle are adjacent to one

center vertex.

Proof. From Lemmé2.11we know that we only need to observe graphs with minimum
degree at least 3.

We now consider 3 cases:
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2 Graphs with prescribed cycle lengths

case 1: G contains either &g or G contains &s, but noKeg.

Then it is clear thaG contains at most 6 vertices. We know from Theoi21h
that Kg is 6-colourable. IfG contains a&Ks, but noKg, thenG is obviously 5-

colourable.

case 2: G contains &4, but noKs.

Then we can find a clique of order 4 & We call itK4 and make the following

observations:

2.1. All vertices inG — K4 are distance one away from frody. Otherwise, if
x € V(G —K,) is a vertex being away frord, with distance at least 2 then
we can find two distinct pathB(x, x;) andP(x,x2) of length at least 3 with
x1,X2 € V(Kg). So we could identify an odd cycle with length greater than

5, a contradiction.

2.2 G— K4 does not contain paths of length three. Otherwisgxiis a path in
G — K4 we could construct an odd cycle of length greater than 5 as done in

the last observation.

From observation 2.1. we know that every vertexzof K, is adjacent to at least
one vertex ofK4. Observation 2.2. tells us that each connected component of
G — Ky is either an independent vertex or a path of length 2. Note that each vertex
in G— K, is adjacent to at most three verticed@ffor G not containing &s. Due

to the degree ofs being at least 3, an independent vertexGof K4 is adjacent

to exactly 3 vertices oK4. A vertex of a path of length 2 i — K4 is adjacent

to 2 or 3 vertices oK. Because of this we get th& — K4 can not contain a
path of length 2 and an independent vertex, for otherwise we could find a 7-cycle.
Hence, the connected component$of K4 are either all paths of length 2 or all

independent vertices.
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2 Graphs with prescribed cycle lengths

If there are only independent vertices, then all of them have to be adjacent to the
same three vertices ¢f;, due to the last argument. If there are only paths of
length 2 then all paths are adjacent to the same two vertidés edo. Otherwise

we could again construct a 7-cycle.

Knowing this a 4-colouring is very easy to establish by coloutagwith four
colours and then colouring the vertices ®f— K4 with one of these for them
being only adjacent to at most 3 other already coloured vertices (application of
Lemma2.1]).

Figure 2.1Two families of graphs containing l&4 but noKs and only 3-cycles and

5-cycles as odd cycles.

case 3: G contains ndKs.

We oberserve the following things

3.1. If G contains a\s as a subgraph thea is isomorphic toAs. Otherwise, if
there exits a vertex ¢ W5 then there have to be at least 2 different connec-
tions betweenx andWs, but this leads to an odd cycle of length at least 7, a

contradiction.

3.2. Let us consider a 3-cycle. Letbe a vertex of it. Then let us denote the

neighbourhood of by Ni(r), the neighbourhood dfly(r) by Nx(r) and so
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2 Graphs with prescribed cycle lengths

on. Then we obtain that there cannot be a 5-cycle inldife), otherwise

we would find a\s or a an odd cycle greater than a 5-cycle. Furthermore,
there cannot be a 3-cycle in any neighbourhdb@ ), otherwise we could
identify aK4 or a cycle of odd length greater than 5. I§¢r) is bipartite for
everyi > 0. Anymore, there are no edgeshi(r), fori > 3 for them leading

to odd cycles with length greater than 5. We can also obtain that there are no
edges between two vertices W (r) if these two vertices share neighbours

in N1(r) being joined by an edge. Otherwise there would & .a(Recall

by the construction of the long odd cycles tkais 2-connected.)

Hence we can colourwith colour 1,N;(r) with the colours 2 and 3\(r)

with the colours 1 and 2\3(r) with colour 3,N4(r) with colour 1 and so on.

g.e.d.

An interesting observation is thal;(r) is empty. If we have a look at the starting 3-
cycle in 3.2. then there has to be a path from a verteXifr) to one of the two other
vertices of the 3-cycle, not using But then we can easily find an odd cycle with length
greater than 5.

Using this last observation, Wang formulated B¢E(G)) algorithm:

algorithm
INPUT a 2-connected, non-bipartite gra@with 6(G) > 3 andCy(G) = {3,5}

STEP 1 If G contains no more than six vertices then col@using x(G) colours.
STOP

STEP 2 If G contains nKs then

STEP 3 If G contains &4 then

STEP 4 Delete (iteratively) all vertices i with degree three to obtal®*.
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2 Graphs with prescribed cycle lengths

STEP 5 Add all the vertices deleted in STEP 4 back@bd and 4-colour
them. STOP

STEP 6 Else if G contains nd4 then
STEP 7 Select a vertex on a 3-cycle to be the root.
STEP 8 Build Ni(r) fori=1,2,3.
STEP 9 Colour the root vertex with colour 1.
STEP 10 Colour the vertices of1(r) with the colours 2 and 3.
STEP 11 Colour the vertices ofiz(r) with the colours 1 and 2.

STEP 12 Colour the vertices di3(r) with the colour 3.

OUTPUT an optimal colouring o6
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3 Graphs with two odd cycles of

consecutive lengths

In this chapter we will analyze graphs with only two distinct cycle lengths. They will
be of the form2m— 1 and2m+ 1, thus of consecutive lengths. We will spare the case
m = 2 for being discussed comprehensively in the last chapter. Our aim is to show, that
two consecutive odd cycle lengths provide us such a lot information that finally we will
be able to colour those graphs with at most 4 colours.

Again we will only discuss 2-connected graphs with minimal degree at least 3 as a
consequence from Lemr2alland the argumentation in front of the Theorehitand

1.2

We start with some structural information.

3.1 Structural notes

Having only two distinct odd cycle lengths is a very restrictive property. The following

lemma shows in which way the odd cycles of a gr&ban appear.

Lemma 3.1. Let G be a 2-connected graphCo(G) = {2m+i:ie {—1,1}, m> 3}.

Then allCyy—1 in G are induced and

1. If G contains at least 2 odd cycles of lendtim— 1, sayC; andCy, sharing no
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3 Graphs with two odd cycles of consecutive lengths

common vertex, then w.l.0.g.

x1y1 € E(G)

andG contains one of the edges
{xyi:2<i<m},
whereCy = X1X2. . . Xom_2Xom—1 andCo = y1¥2. .. Yom_2Y2m_1-
2. There are no two cycles of leng2m+ 1 not sharing at least one common vertex.
3. There are no vertex-disjoint odd cycles of different lengths.

Proof. SinceCy(G) has only two distinct cycle lengths, there cannot be any diagonal in
aCyn_1, because otherwise we would get two new cycles, an odd and an even one. But

the odd cycle would have a length less ti2am— 1, a contradiction.

1. Itis easy to see that we need at least two distinct paths fanC, toy; € C; in
order to guarantee the 2-connectednesS.oAssumexiy; € E(G) and w.l.o.g.
let

xy; € E(G)with 2<i<m, 2<j<m i<
be another edge fro@; to C,.

Then we have 4 other cycles th@pandC;:

1.1. C;: xlaxingzyl with lengthi + |,

1.2. Cp: xaCrxiy;Cayr with length(2m—1) — (i — 2) + (2m—1) — (j — 2) = Am+
2—i—|,

1.3. C;: xlaxiyj@)yl with lengthi + (2m—1) — (j—2) =i— j+2m+1and

1.4.Cy4 :xlaxiyjézyl with lengthj + (2m—1) — (i—2) = j —i+2m—+ 1.

For each case we can find the following estimations:

31



3 Graphs with two odd cycles of consecutive lengths

1.1. |G =i+j<2m

1.2. |Gyl =4m+2—i—j>2m+2

1.3. Sinc-—m<i—j<0=m+3<|C|=i—j+2m+1<2m+1.
1.4.Since0< j—i<m-2=2m+1< |G| =j—i+2m+1<3m-1

From the cycle length of, we geti and j must both be even or odd, otherwise
we get a contradiction tdm+ 1 being the longest odd cycle length. BuGpand

C4 this would lead to an odd cycle length greater tRemt+ 1 apart from the case

i = j, whereC; andCy have lengtim+- 1.

If we allow instead of edges;y; andxiyj pathsP(x1,y1) andP(x;,y;j), then the
lengths of the analogue defined cycfés...,Cq would increase at least by 1.

One can easy prove that we get an odd cyclg,or Cyq longer tharm+ 1.
. An analogue procedure as done in 1. leads to the statement.

. The procedure can be easily converted into this situation with one difference. The

second edge froBym_1 to Comy1 IS
Xyjwith2<i<m,2<j<m+1
So we get the following lengths

31 |G =i+j<2m+1
32.|1G|=2m-1)—(i—2)+(2m+1)—(j—2) =4m+4—i—j > 2m+3
33.|C|=i+2m+1)—(j—2)=i—j+2m+3

34. IC=j+2m-1)—(i—2)=j—i+2m+1

Applying the conclusion of a) we see that

e if i andj are of different parity, the@, will be an odd cycle of length greater

than2m-+ 1, a contradiction.
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e Since(i—j) = —(j—i), if i andj are of same parity, then eith€ or Cy

have odd length greater th@m+- 1, a contradiction.

With the last statement of a) we finally conclude the assertion.

Figure 3.1:.Examplem=3,i=3, j =2, C4 =C11

g.e.d.

We see that two (2m+1)-cycles have to share at least one vertex. The same is true for two
odd cycles of distinct length. Furthermore the appearance of two (2m-1)-cycles is very
restricted, too. Let us have a look at the case 3. The only appearing possibilities
restricted by Lemm@.1 shows the next figure.

Since we limit our view to odd cycleSy,_1 andCony 1 With m > 3, we only discuss
graphs with at least 7 vertices. Hence we are able to apply the following theorem by

\osS.

Theorem 3.1.[Vos9] Every non-bipartite 2-connected graghof order at least 7 and

with §(G) > 3 contains odd and even cycles with at least two diagonals.

33



3 Graphs with two odd cycles of consecutive lengths

Figure 3.2:Example to Lemm&.1with m=3

The consequence of this theorem is that we can find in every graphGyit) =
{2m+i:i € {-1,1},m> 3} and minimal degree at least 3 an odd cycle of |eramth+

1 with at least 2 diagonals. Let us denote it@y,, ;.

Definition 3.1. Let G be a 2-connected graph with minimal degree at least £3(@) =
{2m—1,2m+1:m> 3}. Then we getG’ by the induced subgraph & with V(G') =
V(G) =V (Conya)-

This notation leads to an interesting observation.
Corollary 3.2. G’ is bipartite.

Proof. Applying lemma3.1 we see that every odd cycle @shares at least one vertex
with C5,...,. If we deleteC;,,, ,, the remaining grapl®’ cannot contain any odd cycle.

Consequently, with Lemm&.1, G’ has to be bipartite. g.e.d.

That is very nice, indeed. If we now 2-colo® it seems very natural, that colour-
ing C5,,,.1 cannot be such a big problem, especially the number of the required colours

should be less than the by Theor@n given 5. We will discuss this in the next section.

34
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Meanwhile we have a closer look &t.

Lemma 3.3. LetG be a 2-connected graph wi@y(G) = {2m+i:i e {-1,1},m> 3}.
If there exists a vertexin G’ having three neighbours, say, X, andxj, 1 <i < j, on

Comy 1 thenP(xg,x;) is a 5-path orC; ;.
Proof. Let us first denote some useful cycles to work with:
*
Cu = xx1Com 1
~
Co = xx1Com 1.
Letxy, X andx; be the neighbours ofonC;,,,, ;. Then we have to study three cases:

1. casei is even,j is odd

These assumptions lead usxax; andxxx; are both odd cycles, sa&y_1 =
XXX andCony1 = X%Xj. Soi =2k andj = 2k+2n—1. ThenC, is odd with
length

ICul = (2m+1) — (2k+2n—1)+2+1=2m—2k— 2n+5.

Sincek,n > 1 andi < j, Cy.1, Cony1 andCy must have lengtBm— 1, sok=n=

m-—1.

We get

ICu| = 2m—2k—2n+5=2m—2(m—1) —2(m—1) + 5= —2m+9

= -2m+9=2m-1 :>m:1740,
a contradiction ton being an integer.
2. casei is even,j is even
AssumexxX; is a (2k-1)-cycle ancxx; is a (2n)-cycle, them = 2k, j = 2k —

2n—2.
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Now C, is an even cycle, b, is odd with length
1Col = (2k+2n—2)+1=2k+2n—1.

Again k must bem— 1, otherwisen = 1, a contradiction td being simple. This

leads us to

ICo| =2k+2n—1=2(m—-1)+2n—1

=2m+2n-3.
If Co is of length2m— 1, then
2m+2n—3=2m-1 =n=1,
a contradiction. IC, is of length2m+ 1, we get
2m+2n—3=2m+1 =n=2

. casei is odd,j is odd

In this case we get two even cycles. We ocatx; a Cy andxxX; a Cpn, SO
i=2k—1landj=(2k—1)+(2n—1)—1=2k+2n—3. This leads to &, with
length

ICul=(2m+1) — (2k+2n—3)+1+2=2m—2k—2n+7.

Lets have a closer look & = xx;C5,,1X. This cycle has lengtlC;| = (2m+-

1)—(2n—1)+2+1=2m—2n+5. Two cases can appear

3.1. |G| =2m-1

Then we get

IC|=2m—-2n+5=2m-1 =n=3,
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leading to

ICul =2m—2k—2n+7=2m—-2k—6+7=2m—2k+1
=2m—-2k+1=2m+1 =k=0

=2m—2k+1=2m—-1 =k=1,

which are both a contradiction.

3.2. |G| =2m+1

We have
IC|=2m—2n+5=2m+1 =n=2,
leading to

ICu| =2m—2k—2n+7=2m—2k—4+7=2m—2k+3
=2m—2k+3=2m+1 =k=1,
a contradiction

=2m—-2k+3=2m-1 =k=2.

It is easy to verify, that the cages odd, j is even, can be reduced to the first case.
Beyond that the last two cases are identical if we start to relabel the verti€s, of
beginning ak; as the newy, keeping the old sequence of labeling. Thus we can w.l.0.g.

confirmi = 3 andj =5, stating the lemma. g.e.d.

This lemma provides us the example shown in Figure 3.3.
Furthermore, the lemma tells us about the number of possible neighbours of vertices of

/ *
G onCy, 4.

Corollary 3.4. A vertexx € V(G') can be adjacent to at most three vertices@p,. ;.
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Figure 3.3:FExample foom= 3 andd(G) = A(G) = 3.

Proof. From LemmaB.3we know the structure of the appearance of a vexte¥/ (G')
having at least three neighbours @3}, ;. If there are actually four neighbours, every
choice of three of them has to fulfill the stated properties.

Letxq, X, Xj,% be the neighbours ofonC5,,. ;. Then we know from Lemma.3, that
we can set = 3 andj = 5. For the choice ok, Xj,x as neighbours used in the lemma,
we get with our last notatioh= 7. If we now chooseg,x; andx for Lemma3.3 we

get a contradiction. g.e.d.

Until now we have discussed vertices@fhaving exactly 3 neighbours &%, ,. But
what situations are possible for vertices having only 2 neighbours, especially can they

be connected i&'? The next lemma gives an answer.

Lemma 3.5. LetG be a 2-connected graph wi@y(G) = {2m+i:i e {-1,1},m> 3}.
If there exist two vertices!,x? € V(G') with [C5.,, ; "N(X')| > 2 for i = 1,2, thenx

andx? are not adjacent.

Proof. Assumex! andx? are adjacent. It is sufficient to show the lemma #rx2

having exactly two neighbours.
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If x! is adjacent to 2 distinct vertices X; (i < j) onCj,. ,, then there exit two cycles

C = x%Cj, 1Xj andC? = xxC3,, X}, Where their lengths are of different lengths:
o Cl=j—-i+2
o [C?|=(2m+1)—(j—i)+2=2m—(j—i)+3,

if (j —i)is odd,C! is odd andC? is even, and reverse.

Assumex;, X; are labeled in such a way, that is odd. Assume furthermoie= 1, then
it is easy to see thatis 2m or 2m— 2, leading toC? being of length 4 or 6. Let the 2
neighbours ok? onCj,. ; be labeled by andx with (k <1). We will now examine

the location of andx onCj,. , in respect teC’.

1. casei <k<I <]

If i =k orl = j, thenx! andx? cannot be connected by an edge. Otherwise
we would find a triangle. If we assume the cy€e= x°x,x being an odd one,
we seek = 2 and|l = j — 1. But this leads to a contradiction, because the cycle

% .
X1 X 2%oC, 1 X1 would be an odd cycle with leng®m-+ 3.

Let us assum€ being even. Then either the pmmxk or x|C§—m+1>x,- IS
even. W.l.o.g Ieixl(%)xk be the even path. As we have seen befkreas to
be greater than 2. So we get an odd cycle<b;?x|%xj with length at most
2m—1. We only get lengtttm— 1 if C is a 4-cycleC! is an (2m+1)-cycle and

k = 2, a contradiction as we have seen before.

2. casei <k, j <

It is easy to verify thaC has to be a 6-cycle. Otherwise eitHer j+ 1 or
| = j+ 3, leading to a contradiction as we have seen earlier. (We leave the case
k = |, leading to a triangle as seen in the beginning of the lemmaQ &m only

be a 6-cycle. We get
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Figure 3.4:.Example:t is odd,] = 2m

2.1.1 = j+1lork=j—1: The contradiction is well-known by now.

2.2. 1 = j+2: We can find a 5-cycle, namek#x?x, Xj+1Xj implying 2m+1=7
and2m—1=5. Thenwe gef =4,| =6,k= 2, leading to a 9-cycle, namely

X1XX%XoX3XaX5XeX7, @ contradiction.

This leads directly to a nice observation on possible colourings.

Lemma 3.6. LetG be a 2-connected graph wi€,(G) = {2m+i:i e {—1,1},m> 3}.
If G’ is connected then two consecutive verticasdy onC5,,, , can only have similar

coloured neighbours i%'.

Proof. Assume there arg;, being a neighbour of in G/, andyi, neighbour ofy in
G/, with diffenrent colours in a proper colouririg of G'. SinceG' is bipartite and
connected, there has to be an even fth,y;) in G'. But then we can construct an

odd cycle
~
C = xxP(X1,Y1)Y1YCom, 1X

with length at leasm+ 3, a contradiction. .e.d.
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Another interesting thing to know is & is 2-connected>’ will remain at least con-

nected. Unfortunately the next lemma negates this assumption.

Lemma 3.7. LetG be a 2-connected graph wi@(G) = {2m+i:ie{-1,1}, m> 3}
and valency at least 3. Led,Xz,X3,%4 be four sequenced vertices @3, ;. Then
if N(x)NG #0, for all i € {1,2,3,4}, G’ is not connected. Consequen@ is not

connected fom > 5.

Proof. Let us denote an arbitrary neighboungfin G’ by y;, fori =1,...,4. Assume
G’ is connected, then by Lemn&a€ the neighbours of thg have to be coloured with

the same colour in every proper 2-colouritigof G'. We get the following cases:

1. casey; =y2 =Yy3=Ya.

This is not possible for finding a triangle, exgyiXo.

2. case: Three vertices of tkeshare a common neighbour.

Again we can find a triangle as done before.

3. case: Two vertices;, Xj share a common neighbour.

It is clear thatj # i + 1, for finding a trianglexyixj. Fori =1andj =3, itis

possible thay, = ya, but then we find an odd cycle

X
C = Xpy1XaX2YoXaCom . 1X1

with length2m+ 3, a contradiction. Sg, # y4. But sinceG’ is connected, there
must be a connection, an odd p&fy.,ys) in G/, because, andy, are similar

coloured. But in this case we can construct

C = X1y1%3X%2Y2P(Y2, Ya)YaXaCo, . 1X1,

being an odd cycle of length at leésh-+ 5, again a contradiction.
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For the case thd®(y»,y4) containsy;, this path has to be at least of length five to

fulfill the assumptions, so

~
C = x1X2Y2P (Y2, Y4) XaCopm 1X1

also leads us to the required contradiction.
So we assume that = y4. SinceG is free of trianglesys # y3. y; has to be

connected witty; by an odd pattP(ys,y3) in G/, leading to an odd cycle

~
C = x1y1P(y1, Y3)y3XaXaComy 1X1

with length at leasem+ 3, a contradiction.

4. case: Ally; are distinct.

Then we can find an odd paBtyi,ys) in G, which gives us an odd cycle

~
C = X1y1P(Y1,Y3)Y3X3XaCom 1%
with length at leasm+ 3, a contradiction.

Form> 5 we knowC;, , is of length 11. When we take 3 diagonals as a basis, the
appearance of these diagonals will be described in the second remark to TIg&rem

we still have five vertices left, whose valency needed to be satisfied. These vertices are
consecutive o€, , and so fulfill the assumptions of the first part. TherefGfevill

not be connected.

g.e.d.

We see, if we have to "many” vertices @i they cannot be connected. But the remaining

guestion is, what means "many”?
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3 Graphs with two odd cycles of consecutive lengths

3.2 Colouring

As mentioned before, Theorefl tells us that we need at most 5 colours to provide a
proper colouring of our graphs. Since we have odd cycles, we need at least 3 colours.
So, in which cases do we need 3, 4 or 5 colours? This section will give us a partial

answer to that question.

In order to give a much better bound for the required number of colours, we start with

an analysis and a refinement of Lemfa

Lemma 3.8. LetG be a 2-connected graplo,(G) = {2m+i:i e {—1,1},m> 3} and
6(G) > 3. Then there are no odd cycl€8ny, 1 in G, such thalCom1NC5, 41| = 1.

Proof. Assume we can find an odd cyd®m,1, such thaiCom 1 NG5, 4| = 1. We
denoteCs,,. 1 = X1X2. .. Xomr1 and theCom 1 = X1Y2. .. Yomi 1.

SinceG is 2-connected, there must be a second connection between the two odd cycles
apart fromx;. Assume there is an edggx in G. Then we investigate the following
cycles:

1. Cl = y:Come1X9Cs 1
. =YjLlom+1X1! 2ma-12

2. C?2 = yiCom1X1Ch 1 X
- L% =YjComi1 X1l 1 Xi

3 T
3.C= yJ C2m+1X1C2m_|_1Xi
4 ~ vk
4, C*= Yi CZm+1XlC2m+1Xi-
Now have a look at their lengths
1. [Cl=i+j-1

2. |C’|=(@2m+1)—i+2+(2m+1)—j+1=4m+5—(i+ )

3. IC=(j-)+@m+1)—i+2=2m+2—(i—j)
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3 Graphs with two odd cycles of consecutive lengths

4. |C*=(2m+1)—j+1+i=2m+2+(i—]).
It is easy to see, that farj being of the same parit¢! andC? will be odd cycles. We

have to determine two cases:
1. case]C?| =2m+1
Am+5—(i+j)=2m+1 |+ (+]),—(2m+1)
2m+4=(i+j)
=|Cl=i+j-1=2m+4-1=2m+3
a contradiction witlPm+ 1 being the greatest length for an odd cyclésin
2. case:|C?| =2m-1
dn+5—(i+j)=2m-1 |+(+]),—(2m—-1)
2m+6=(i+]j)
=[Cl=i+j-1=2m+6-1=2m+5,
again a contradiction.
In the case of different parities o&ind j, we have to take a look at the other two cycles:
1. case:|C3| =2m+1
2m+2—(i—j)=2m+1  |+(i—]),—(2m+1)
1= (i)
= |CH=2m+2+4(i—j)=2m+24+1=2m+3,
a contradiction.
2. caseC3 =2m-1
2m+2—(i—j)=2m-1 |+(—j),—(2m—-1)
3=(i-])
= |C* =2m+2+ (i +j) = 2m+5,
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3 Graphs with two odd cycles of consecutive lengths

a contradiction.

We see, for every choice ofind j we get an odd cycle longer tham-+ 1.

Figure 3.5Example to Lemm&.& m=3,i=3,j=3,C°=Cpy

If there are only paths, such B$y;,x;), we can reuse the cycl€s, Cc2,C2 andC* and

get analogue contradictions. g.e.d.

We see, two appearing (2m+1)-cycles share at least 2 vertices. We will keep this in mind.

Letus now focus on our speci@j,,,, ;. If we start with a 2-colouring o&’, as mentioned

in the last section, we need more information about the connectitk,of, andG'.
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3 Graphs with two odd cycles of consecutive lengths

Lemma 3.9. LetG be a 2-connected graph wi@(G) = {2m+i:ie {-1,1},m> 3}
and 6(G) > 3. Letx be an arbitrary vertex o5, ; such that there exits an even
path P(x1,Xox) with x1,%x € V(N(X) NG') (2k gives the length oP). Then for every
neighboury of x onC;,,. ; there cannot exit a path i’ connectingP(xy,xz) andy.

Even soy is not adjacent to an; € P(x1, Xk ).

Proof. The given path can only have leng#m— 1), otherwise the occurring cycle
C = xx1P(x1, X2k ) X2kX would be arCon, 11, @ contradiction to Lemma.&, or an odd cycle
with length being different fron2m— 1 or 2m+ 1, in contradiction with the conditions.

Assume there exits an edgr in G/, then we can construct two cycles
1 ~
1. Ct = yXXit1.. - Xom-1)%Com 1Y
2 ~
2. Co=yx%Xi—1...XXC5, 1Y
with lengths
1. |CY=2(m-1)—i+1+(2m+1) =4m—i
2. |C?|=i+2m+1.
If i is odd, then we have an odd cy@?, if i is even, therC? is odd. Both odd cycles
would be longer tha@m+ 1, a contradiction.
If there is no edge, but a path @, connectingy and P(X1,X2(m-1)), we can reuse both

cycles to conclude.

g.e.d.

In order to use as few colours as possible, we need to realize a special starting 2-

colouring ofG'.

Lemma 3.10. Let G be a 2-connected graptCy(G) = {2m+i:ie{-1,1},m> 3}
and d(G) > 3. Then we can find a proper 2-colourirgj of G/, such that an arbitrary
x € V(C5,,1) has only monochrome neighbours@or its neighbours oi€; ., , have

a monochrome neighbourhood @i.
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3 Graphs with two odd cycles of consecutive lengths

Figure 3.6:Example for Lemma&.C.

Proof. Assuming we cannot find a proper 2-colouring3$f such thak € V(C;,,, ;) has
only monochrome neighbours @&, there have to be two neighboursxfsayy; and
Yok, being connected by a paiys, yok) of even length irG’, because so recolouring of
one of these vertices means changing the colour of the other, too.

Lets take this path. We have an odd cyCle= xP(y1,Y2«). Assume its length i@8m+ 1,
than we have a contradiction to Lem@4&. So its length has to B&m— 1 and2k, giving
the length of the connecting path, has to2m— 1), as stated in Lemma.C.

Assume there is no colourirg of G’ so that the right and the left neighbougsand
x of x onC5,,. ; have monochrome neighbourhoodsGh Then either; or x; or both
must have two neighbours connected by an even pa@ ir x, andx are in such
a way connected, that recolouring the neighbourhoog aheans recolouring of the

neighbourhood of; in G'.

1. case: Assume there is an even pati&irconnecting two neighbours &f in G/,

xt andx?, sayP(x},x2). If |P(xy,%ok) NP(xt,x?)| = 0 there must be a second
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3 Graphs with two odd cycles of consecutive lengths

connection (2-connectedness®) between the both through the paths accrued
(2m-1)-cycles. But by Lemma.1 this is not possible, because both cycles are

already connected b§5,, ;.

Assume botlCy, 1 share at least one vertex. By Lem@4& this is impossible,

too.

Figure 3.7Exampleim= 3,2k =4

Analogue statements are true for

. case: Assumeg andx are connected i@’ such that recolouring the neighbour-
hood of one means recolouring the neighbourhood of the other, too. Then, for
avoiding the requested 2-colouring,andx have to be connected by an odd and
an even path simultaneously. There is only one possibility to fulfill tkisand

X share one neighboyrand both are connected by a (2m-4)-patiGin Shorter

or longer paths would create with tk&,,, ; odd cycles of lengths not equal to
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3 Graphs with two odd cycles of consecutive lengths

2m— 1 or2m+ 1. The even path could also not be of length— 2, for applying
Lemmal3.C leads to &Com_1 and aCymy 1 Sharing no vertex, a contradiction to

Lemma3.l.

Assume we can find suchyaand a (2m-4)-path. Then we can constru€ba_1

being connected wit8, by the edgeg x andxx. Because of the 2-connectedness

of G, we need at least a second connection. This cannot be realized by a path in
G/, due to Lemma3.€ again, but also not by a path using vertice<3gf,. ;, a

contradiction.

=
|

Figure 3.8:Example:m=3

g.e.d.

Now we are able to conclude, that we need at most 4 colours to find a proper colouring

of graphs with 2 sequent odd cycle lengths.

Theorem 3.2. Let G be a 2-connected graph with minimum deg®e) > 3 and
Co(G) ={2m+i:ie{-1,1},m> 3}. ThenGis 4-colourable.
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3 Graphs with two odd cycles of consecutive lengths

Proof. Obtaining Lemmé.10we can find a 2-colouring’ of G', wherex € V (C5,,,, 1)
has only monochrome neighbours @ andd(x) = 2 in C;,.; or its neighbours on
C5m.1 have only a monochrome neighbourhoodsn

Then we can either colowrwith the colour not used for the its neighbourhood3hor
its neighbours o5, ; can be coloured in the same way andith a third one.

The rest ofC5,,, ; can be coloured alternating with a third and fourth colour. g.e.d.

Remark 1. To the existence of in Theorem3.Z

If such anx would not exit then every vertex @5, ; would be incident with a diagonal
of C5,,.1- Inaccordance with the Pigeonhole Principle there must be a vartegident

to at least 2 diagonals @, ;. Without violating the assumptions these are precisely
two diagonals: w.l.0.gx1x4 andxixzm-1, vertices labeled in appearance@jy,, ;. But

then we can find an odd cyole= x;x4C5,,,, 1 Xom-1 With lengthZm— 3, a contradiction.

Remark 2. To the colouring o, ; in Theoren3.2..
Let us denot&s,, ; = X1X2. .. Xomy1 and assume;x; is a diagonal. Then this diagonal
dividesC;,,, ; into two cycles, an odd one with leng#im— 1 and an even one with

length four. Therefore the following conjecture holds:
| =+4 modn+ 1.

Assume = 4. Letx;jx¢ be another diagonal &, ;, w.l.0.g. ] <k. Then
j]—k=4 mod2an+1

andj has to be8 or 4. Otherwise we find an odd cyo®= X1XaXs . . . XjXXi+1 - - - X1 With
length2m— 3, a contradiction. Therefore there can be at most three diagorn@jg,in.

Now it is easy to validate th&;,,. ; can be coloured as given in Theor&na.

Remark 3. To the choice ok in Theoren3.Z
Obviously we have a problem if the chosenin the caseC;,,. ; contains only two

diagonals, is a vertex being present in an even paggf ;, being split by a diagonal.
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3 Graphs with two odd cycles of consecutive lengths

Then we have to choose a vertex with degree €3, contained in both occurring

2m—1cycles onCj.. ;.
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4 Outlook and open problems

As mentioned before the question remains if there are cases such that 3 colours would
be sufficient to colouG? The example in figure 3.3. is such a graph. So, what is the
speciality of this graph? Or, maybe it is sufficient to use only 3 colours to guaranty a

proper colouring?

Problem 1. Let G be a 2-connected graph with minimal degree at least 333(@) =
{2m+i:ie{-1,1},m>3}. Isx(G) =3?

Another question is if we do not require from the two odd cycle lengths being consecu-
tive, will we get a similar result as in Theore3r2? At least the following lemma shows,

that there are some similarities:

Lemma 4.1. Let G be a 2-connected graph and the set of odd cycle lengtli§((S) =
{2n+1,2m+1:nm>2 m>n+2}. Then 2 odd cycles share at least one common

vertex if they are both of lenglm+ 1.

Proof. Assuming there are twG,n,-1 Sharing no common vertex.

Assume there is an edge between the two cycles. We denote both vertices of them
by x; andy; and correspondingly the rest of the vertices of the cycleshys...

in accordance with its appearance on the cycle. Finally weQ@allx; ...Xom1 and
CYiy1...Yomy1.

SinceG is 2-connected, there has to be a second connection between the two odd cycles.
Assume it is a second edge, say; withi > 2, j > 1, andi, j < m+ 1. Then we can

construct four cycles as in lemn3al:
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4 Outlook and open problems

e —
1. Ca: yxCxy1Cy;
~" —
2. Cp: yjxiCxy1CYy;
3. Ce: ijig‘xlyl(@yj
~7 —
4. Cq: YjxiCxy1CYy;.
Their lengths are
2. [Col=(2m+1)— (i—2)+(2m+1) — (j+2) = 4m+6— (i + j)
3. |Ce| =i+ (2m+1) —(j—2) =2m+3+ (i — )
4. |Cd| :j+(2m+1)—(i—2) :2m_|_3_|_(j _i):2m+3—(i—j)

If i and | are of different parity, the@,; andCy, are odd cycles. Sincdej < m+1we
have|Cy| = 4m+6— (i + j) > 4m+ —(2m+2) = 2m+4 > 2m+ 1 which leads to a
contradiction, because the longest odd cycle can only to one of |2ngthl.

If i and j are of the same parity, then we odd cycles@randCy. This leads us to 2

cases:
o [Cef=2n+1:

2m+3+(i—j)=2n+1 | —(2m+3)
(i—j)=2m+2n—-2

=2m3—(i—j)=2m+3—-2n+2m+2=4m—2n+5,

a contradiction sincen > n.
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o [Cef=2m+1:

2m+3+4(i—j)=2m+1 | — (2m+3)
(i—j)=-2

=2m+3—(i—j) =2m+3—(—2) =2m+5,
again a contradiction.

All possible odd cycles are of length greater tin+ 1. So we would get the same

result, if the cycles are only connected by paths instead of edges. g.e.d.

But unfortunately we cannot say as in Lem@4, that a (2n+1)- and a (2m+1)-cycle

are somehow connected by a common vertex. Furthermore, depending on the differ-
ence between andm a (2n+1)-cycle and a (2m+1)-cycle can lie very far away from
one another. Therefore, we cannot find a central cyclegs, in order to guaranty

G [V(G) —V(Cjp,1)] being bipartite.

Problem 2. Let G be a 2-connected graph with minimal degree at least 333(@) =
{2n+1,2m+1:nm>2 m>n+2}.Is x(G) < 5?
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